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1 Introduction 

Let T C SL(2, R) =: G be a discrete subgroup acting freely on the real hyperbolic 
plane H 2 = SL(2,H)/ S 1 =: X, i.e., the upper half space R+ with the metric ds 2 = 
^{dx 2 + dy 2 ). We assume this action to be geometrically finite and convex co-compact. 
Under these circumstances V will be called Fuchsian of the second kind. Another model 
for the hyperbolic plane is the Poincare disc {\z\ < 1} C C. The corresponding group of 
isometries is SU(1, 1) which is, of course, ismorphic to SX(2,R). 

The group G acts on the circle S 1 which can be identified with the boundary dX 
of X using the Poincare disc model. The set of accumulation points (in the Euclidean 
topology) of an arbitrary orbit Fx, x £ X, is called the limit set A C dX. The complement 
Q := dX \ A is called the ordinary set. T acts freely and co-compactly on Q with the 
compact quotient B. As a manifold B is a finite union of circles. 

Let T — > S l be the complexified tangent bundle of S . It is G- homogeneous and we 
can form complex powers T x — > S 1 , A £ C. Let d be the fundamental vector field of 
the action of U(l) C G = 577(1, 1). It provides a natural trivialization of T. Frequently 
we will identify a section <fid x £ T(T X ) with the function 0. The number A parametrizes 
a principal series representation H x of G on the Hilbert space L 2 (S' 1 , T A_1 / 2 ). By H x ^ 
we denote the space of its hyperfunction vectors. As a topological vector space H x w can 
be identified with the space of hyperfunction sections of T x ~ l l 2 . Thus / £ H x u is a 
continuous functional on H~ x := C U} (S 1 ,T~ X ~ 1 ^ 2 ). 

Definition 1.1 By H x uA we denote the subspace of H^^ of hyperfunction sections with 
support in the limit set A. 

Since A is a T- invariant closed subset H x ^ A is a closed T-invariant subspace of H X UJ . 
The goal of the present paper is to study the cohomology groups H*(T, H x w A ). Our 



interest in these cohomology groups is motivated by a conjecture of S. Patterson JT9 
(see also @) relating their dimensions with the order of the singularities of the Selberg 
zeta function associated to Y. As a by-product we describe an easy way to obtain a 
meromorphic continuation of the scattering matrix and the Eisenstein series. Here we 
recover results of Patterson [jnj , |]T6| , fl? 



With the exception of Section |5| the methods extend to spherical principal series rep- 
resentations in higher dimensions. To obtain the results of Section |5| and to cover also 
non-spherical principal series representations is still a challenging project. 

Acknowledgment : We thank S. Patterson for explaining us his view on the topic 
of the present paper. The results of Section [| were obtained while the authors visited the 
SFB 170 in Gottingen. 
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2 The case Re(A) > 

Let A\ := A — 1/4 + A 2 , where A is the Laplace-Beltrami operator of X. Let £ = C°°(X) 
and £ (A\) = kei(Ax) C £. Helgason (0, Introduction Thm. 4.3) proved that for 
Re(A) > the Poisson transform Pa : Hh. u — > £{A\) is a G-isomorphism. We characterize 
the subspace Pj(^- w a) c ^G^a) using certain semi-norms. For all W C X contained in 
finitely many translates of a fundamental domain of T and k G No we define 

gw,fc(/) := \\A k x f\\mw) ■ 

By £a we denote the Frechet space of all functions / G £ with qw,k(f) < 00 f° r ah such 
W and > 0. Let £ A (A X ) = £ A H kei(A x ). 

Lemma 2.1 

P a (^,a) = £a(A x ) . 

Proof. We first employ the upper half-plane model and assume that oo G A. The Poisson 
transform P x is given by the kernel P\((x,y),b) := { y 2 + ^ x _ b ^ ) X+l ^ 2 ■, where b G R. The 
closures of the sets W in the Euclidean topology are well separated from A. It is easy to see 
that for all W the kernel b — > P\(.,b) defines an analytic function from a neighbourhood 
of A to L 2 (W). It also satisfies A\P\(.,b) = 0. If we pair the Poisson kernel with a 
hyperfunction supported on A we end up with a smooth eigenfunction of Ax which is in 
L 2 (W) for all W. It follows that 

Px(H^ >A ) C £a(A x ) . 

It remains to show that the inverse (up to a scalar) of Px, the boundary value map f3\, 
satisfies 

Px(£a(A x )) c . 

For this argument it is more convenient to employ the ball model. We use polar coordi- 
nates (r, a), r G [0, 1), a G (0, 2vr] of X. Let / G £ A (A X ) and G #J A . Then 

(Px(f)A) = lim(l -r 2 )^ 1 / 2 / /(re -)0( e -)^ . 

Now let (a, 6) C f2. The L 2 -condition satisfied by / along Q allows us to restrict the 
integration to the complement of (a, b), i.e., 

(&(/), 0) = hm(l - r 2 )^ 2 / /(re -)0(e-)^ . 

JS 1 \(a,6) 27T 

Thus (3\(f) is in fact a continuous functional on germs of analytic sections of y--^ -1 / 2 Q n 
S 1 \ (a, 6), i.e, (3 x (f) G ^'(S 1 \ (a, 6), T^ 1 / 2 ). The hyperfunction sections of T^ 1 / 2 on 
(a, 6) are B{{a, b), T^ 1 / 2 ) = ^'(S 1 , T X - X I % )/A(S X \ (a, b), T^ 1 / 2 ). Hence the restriction 
to (a, b) of the hyperfunction /3\(f) vanishes. Since this holds for all intervals (a, b) C Vt 
we conclude supp /3a(/) C A. The lemma follows. □ 

The proof of the following lemma is completely analogous to that of 0, Lemma 2.4. 
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Lemma 2.2 £ A is T-acyclic. 
The following lemma shows that 



— H x _ wA ^S A ^S A -^0 (1) 
is a T-acyclic resolution of H* w A . 
Lemma 2.3 : £a ~^ £a surjective. 

Proof. Let *A A : £ A ^ £' A be the dual operator. It is enough to show that l A\ is 
injective and has closed range (see Treves |23| for basic techniques to deal with surjectivity 



questions). 

Since C%°(X) is dense in £ A we can embed £' A into the distributions on X. If / G £ A , 
then there exist fc, such that |(/, 0)| < Cgvp,fc(0) for all G C£°(Jf). Hence / is a 
distribution of order at most 2k with support on W. The bound of the order follows from 
the fact that qw,k{<P) estimates the local H 2k -noTm of <fi. 

If f G £' A , then it is supported on a finite number of fundamental domains. If in 
addition t A\f = 0, then / = 0, since / is real analytic and vanishes on an open set. This 
shows the injectivity of t A\. 

The range of l A\ is closed, if im(*y4 A ) fl B' is closed for any bounded set B' C £' A . Let 
B' be bounded. Since £ A is Frechet, by a theorem of Schwartz p2| , p. 90, there are W, 



k, e > such that X \ W is connected and |(/, 0}| < 1 for all / G B', (j) G C C °°(X) with 
q.w,k{4>) < e. It follows that supp(/) C W, V/ G B'. 

Let 1 A\hi = fi £ B' converge to /. Unique continuation for l A\ implies that 
supp(/ij) C W. We extend A — 1/4 to a non-negative self-adjoint unbounded opera- 
tor on L 2 (X). Since either Im(A 2 ) ^ or A 2 > the operator l A x = A — 1/4 + A 2 has 
a bounded inverse on L 2 (X). We use l A\ in order to define the scale of Sobolev spaces 
H l {X), I G 2Z. Here A x : H l {X) -> H l - 2 {X) is an isometry and = L 2 (X). It 

is easy to see that /j converges in the direct limit lirn^oo H~ l (X). In fact it already 
converges in H~ 2k (X). Hence hi — > h = t A^ 1 (f). Since supp(/ij) C W we also have 
supp(/i) C W. It follows that h G B' and = /. This shows the closedness of the 

range of t A\. The lemma follows. □ 

In order to calculate the cohomology of F with coefficients in H^ A we take the 
subcomplex of T-invariants of the complex ([!]). Let Y = T\X be the Riemann surface 
corresponding to T. Let A\ t y — Ay — 1/4 + A 2 , where Ay is the Laplacian of Y. Let 
£ Y ■= {/ g C°°(Y) | A\ y f G L 2 (Y) Vk G N }. The cohomology H*(T,H^ A ) is the 
cohomology of 

Since —A 2 is separated from the essential spectrum [0, oo) of Ay — 1/4 (see we obtain 



— >£ y ^£y — > 0. 



Proposition 2.4 IfRe(X) > 0, then H p (T,H^,a) = for allp>2 and H°(T,H^ A ) = 
if 1 (r, A ) = ker L 2(A\ t Y) ■ There is a finite set £ C (0, oo) such that ker£2(A\,y) is 
non-trivial iff A G £ C C. Here ker^A^) is always finite- dimensional. 
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The finiteness of the point spectrum of Ay was shown e.g. in Lax/Phillips |TT| . 

3 Intertwining operators and the scattering matrix 

We introduce the spaces H^(Q) and H^^ ^ of smooth functions on Q and hyperfunctions 
on S l with singular support in A, respectively. The index A indicates the way T acts on 
these spaces. Since the sheaf of hyperfunctions is flabby we have an exact sequence 

— H^ A — > F^ )(A) ^> — > 

of T-modules. The long exact cohomology sequence gives 

— T H^ A — r ^, (A) ^> r ^(fi) — 
— ►ff 1 (T,f£ UjA )— . 

Recall the definition of the finite set £ := {A G C 1 1/2 > Re(A) > 0, H°(T, H^ A ) ^ 0}. 
For all A G C \ £, Re(A) > 0, by Proposition |2]4] an invariant function A G r if I A (^) nas 
a unique invariant extension as a hyperfunction $ A G r -ff^ ( A ), i.e., res(&\) = 

We fix a smooth positive invariant function g G r if^ 2 (f2) (for existence see Perry 
Multiplication by 

is an isomorphism of T-modules. Let <p ^ r -^c» 2 (^) an d set 0a := £? A_1//2 G r i/ I A (^)- 
Then 0a is a holomorphic family of smooth functions on Q. For A G C \ S, Re(A) > 0, 
let $a G r -ff A a; (A) De the unique extension of 0a- 

Lemma 3.1 For A G C \ £, Re(A) > ; the family $a is a holomorphic family of hyper- 
functions. 

Proof. Consider the Poincare series 

ser 

for some b G Q. Here g'(b) is the conformal dilatation of the map b i— > g(b) with respect to 
the Euclidean metric on S 1 = dX in the Poincare disc model. Let <5p G R be the smallest 
number such that the Poincare series converges for all A G C with Re(A) > 5r- For 
Re(A) > 5r the convergence is independent of the choice of b G Q and uniform in compact 
subsets of Q. It is known that Sr < 1/2 and that Sr + 1/2 is the Hausdorff dimension of A 
(Patterson fl8|], Sullivan [p3fl). We claim that for Re(A) > 5r the hyperfunction extension 
$a of 0a is given by integration against 0a- This extension is in fact a measure. Let 
/ G C(S 1 ) and F C O be a compact fundamental domain for T. We have 

<$ A ,/9- A - 1 / 2 > := [ Q x ~ l /\b)<P{b)f{h)db (2) 
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E / g x - 1/2 (b)<p(b)f(b)db 
E / Q X - l,2 {gb)<t>{gb)f{gb)d{gb) 

E / g'{b) x+l i 2 Q x -^{b)<p{b)f\gb)db 



E^( fo ) A+1/2 /(^))^ A - 1/2 (fe)0(fe)^. 

Since / is uniformly bounded on S 1 the right-hand side converges for Re(A) > 5r- It is 
easy to see that $a is a holomorphic family of measures with respect to the parameter A. 
Hence it is a holomorphic family of hyp erf unctions for Re(A) > 5r- 

It remains to show that $a is holomorphic in the strip < Re(A) < 1/2, A ^ S. 
This requires analysis on the symmetric space X and its quotient Y = T\X. Let T : 
(0, e) x Q —>■ X, e > 0, be the coordinates of a T- invariant neighbourhood of Q introduced 
by Perry p0| . These coordinates depend on the choice of q and are defined as follows: 

y(r, b) 



x(r, b) 



i + r ie'{bf 

1 r 2 g(b)g'(b) 
2i + r^/( & )2 



Here (x,y), y > 0, are coordinates of the upper half-plane model. The map T satisfies 
gT(r, b) = T(r, gb) for g 6 T, r e (0, e), 6 G fl. Hence we obtain induced coordinates of a 
collar neighbourhood E C Y at infinity: 

T Y : (0, e) x B -> F . (3) 
In these coordinates the Laplacian Ay has the form 

or or or Ob 

where A# is the Laplacian on B with respect to the metric induced by g~ 2 (db) 2 and P 
is of second order with bounded coefficients. Let A A> y = Ay — 1/4 + A 2 . Asymptotically 
the volume form is r _2 -times a bounded form. Fix a cut-off function %(r) being zero 
near r = e and one near r = 0. Form f\(r,b) = %(r)r~ A+1 / 2 </>(&). One can check that 
gx := Ax^yfx is a holomorphic family in L 2 (Y) for Re(A) < 1. For Re(A) > 0, A ^ S, we 
can solve 

A x>Y hx = -g\ 

in L 2 {Y) and obtain a holomorphic family of eigenfunctions F\ := /a + £ kerf^^.y). 
Lifting Fx to X we find a holomorphic family of invariant eigenfunctions Fx- The boundary 
value Px(Fx) is a hyperfunction and the desired extension $ A of 0a for Re(A) > 0, A ^ 
S. In fact on sets H 7 we have Fx{x,y) ~ y _A+1 / 2 ^ A_1 / 2 (x)0(x) (mod L 2 (H / )) and thus 
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res fl\(F\) = 4>x- For 5r < Re(A) < 1 the extension just constructed coincides with 
the extension defined by (||) by uniqueness. Since the boundary value map depends 
holomorphically on A for Re(A) > the lemma follows. □ 



Definition 3.2 We define the Eisenstein series associated to <p £ 1 HH 2 (VL) and A G C 
with Re(A) > 0, A g E, by 

£(0,A) = P A ($ A ) . 

The term 'series' stems from the fact that for Re(A) > 8? it can be written as 



£(<M)(p) = £ / P x (gp,b)Ub)db 

(compare fllSl , [Q, |^TJ, HHP, since the Lebesgue measure of the limit set is zero and we 
can alternatively integrate over all of S 1 : 



E(4>,\)(p)= f P x (p,b)$ x (b)db . 
Js 1 



We now discuss the singularities of the extension $ A at A G S. Let {Fi}, % = 1, . . . , k, 
be an orthonormal base of ker I/ 2(^4 Ao y). Then near Ao the family F x has the form 

1 k 

^ x = 72 V2 zJ(-^> 9x)L 2 (Y)Fi + F x , 

A o - A i=l 

where F x is holomorphic and orthogonal to ker^A^y). Applying the boundary value 
map (3 X we obtain 

i k 

®x = t^^Y.( F ^9x)lHy){3x(F 1 ) + $ x , (4) 
A o - A i=l 

where <3> A is holomorphic. Note that i^(r, b) ~ r A+1 / 2 /?y(.Fj)(5) + o(r A+1 / 2 ), where /3y is 
the boundary value on Y. In more detail, /3y(Fj)(.) = lim r _^ r~ x ~ 1 / 2 F i (r, .), where the 
limit exists in the L 2 (5)-sense. Applying Green's formula we obtain 

(Fi,g\ )tf(Y) = (Fi,A XlhY f\ }L2(Y)-(A Xo yFi,f Xo } L 2( Y ) 

d d 

= -2A o (/3y(F 4 ),0) L2(B) . 
Taking the Poisson transform of ([|) and using 

FA ° A = 7inT7^A) ,d 

we obtain 
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Proposition 3.3 The Eisenstein series E(<p, A) is meromorphic on Re(A) > with sin- 
gularities in E and residues 



r(A ) 



Y,^y(F l )A)mB)F t 



V2 r(l/2 + A ) ti 
at A = A G E. 

Recall the Knapp-Stein intertwining operator Ja : -f^^ — > Hz x . For Re(A) < it is given 
by the integral operator 



pseudo differential operators with singularities at A G N . The restriction of Ja to H\ 
defines a meromorphic family of T-intertwining operators Hz u r\\ — > HZ X 



For Re(A) > it is defined by analytic continuation. Ja is a meromorphic family of elliptic 

-w,(A) 

-w,(A) "-^(A)' 

Definition 3.4 For Re(A) > 0, A G" E, the scattering matrix S\ is the operator 
given by 

X^^^ V H^ (A) ^ res o J A ($) G r fl^ A (n) . 
For Re(A) > 5 r , A g" N, and G r C°°(fi) we have 

S a 0a(&) = / Ifc-ft'l-^V- 178 ^)^ 



E / i6-6'r i - 2A o A - i / 2 (6')0(& , )^ / 
E / i&-^6'r i - 2 V(fc / ) A+1/2 « A_1/2 (&')0(& , )^ / 

,-T"l J F 



where the singularity of the kernel near b = b' has to be interpreted in the regularized 
sense. Thus for Re(A) > Sr, A G" N, the scattering matrix is given by the integral kernel 

£| 6 _ ^-l-^^A+l/a 

and this coincides with other definitions in the literature [14], ||21|| ). The scatter- 

ing matrix is a meromorphic family of elliptic pseudodifferential operators on B in the 
following sense. Let <p G C°°(B) = r /jV 2 (fi). Define 5(A) : C°°(B) -> C°°(B) by 

S(\)<j> := g^S^- 1 ^ . 
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Proposition 3.5 The family 

S(\)<f> := ^S^- 1 ^ 
is meromorphic for Re(A) > with poles at £ and residues 

i r(A ) 



y/2 r(l/2 + A 



^(/3y(F,),0) L2(B) /5y(F,) (5) 



0) »=1 

at A = Ao G S. Moreover, it has poles at A G N (induced by the singularities of the 
on-diagonal regularization of the intertwining operator) and S(k + 1/2) = g k+1 d 2k+1 g h , 
k G N . 

Equation ([5]) is obtained from (Q) and 

In Section ^ we obtain a meromorphic continuation of the scattering matrix and the 
Eisenstein series to all of C. 



4 The case Re(A) < 0, A ^ -1/2, -3/2, . . . 

For 2A G" Z the intertwining operator J\ is an isomorphism. By restriction we obtain an 
isomorphism of T-modules J\ : ,^ — > The operator J A has first order poles 

at A = k G N. At these points we consider its renormalization Jk '■— lim>_,.&(A — k)J\. It 
satisfies Jk ° J-k = — ^id and provides an isomorphism Jk : ^ — > ^ . 

Lemma 4.1 H_ u t^\ is T-acyclic. 

Proof. It is enough to show that HT W ^ s T-acyclic. Since T acts freely and properly on 
fl the modules H^(Q) are T-acyclic by 0, Lemma 2.4, for all A G C. Consider the exact 
sequence of T-modules 

The associated long exact sequence is 

o — > F°(r,^ >A ) — > i/°(r,^ (A) ) ^> H°(v,H^(n)) -L> 

— > H^HlZj — > F^fT^) — . 

In case that —A G' E we immediately deduce H 1 ^, HZ^ (A)) = 0- Thus assume that 
—A G S. We have to show that 5 is surjective. Let d := dim r HZ^.A = dimiT 1 (r, HZ^a)- 
It is suffices to show that 

dimcoker(res : r #I^ (A) -> r #oc A (^)) > d • 
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Let C T H^ (Q) be the subspace spanned by the boundary values q x ~ 1 ' 2 (5y{F) for 
all F G ker L 2(A_A,y) and C r H^ x (Q) be the orthogonal complement of W. Then 
co dim V = d. It is sufficient to show that res( r iC^ (A) ) C V. Let $ G r HZ^r A y We 
must verify that ((3 Y (F), £ A+1/2 res($)) L 2 (B) = for all F G ker L2 (A_ Aj y). Thus let 
E = P-x® G C°°(Y). Then by Green's formula 

-2\0 Y (F),Q X+1 / 2 res($)) LHB) 

d d 

= (F, A\yE) L 2(y) — (AxyF, E) L 2(y) 
= . 



This finishes the proof of the Lemma for — A G S. □ 

)t(7T/ 

~2A~ 



If A G" —Nq, then J_a o J x = — cot o^ id. By Lemma [4 . 1| we obtain the following T-acyclic 



— H^ A HZ^ A) ™- — . 



resolution of if ^ A : 



Restricting to the T-invariants and taking Definition |3.4] of the scattering matrix into 
account we obtain 

Proposition 4.2 For Re(A) < 0, A G" — §N , —A G" £, we /iai>e 

iP(r,ff^ iA ) = o, P >2, 

ff°(r,^ )A ) = ker(S_ A ), 
H\r,H x uA ) = coker(5_ A ). 

Since S-\ is elliptic and index(5_A) = we have 

dimF ^,/^) = dim tf 1 ^, If ^ >A ) < oo . 

Now we discuss the points A, where the intertwining operator or the scattering matrix 
have singularities. First we consider the points k G N. We obtain the T-acyclic resolution 

— > H k _„ jA ^ H-_t AK) ^ fli(O) — . 

Let Sfc := limA_»/c(A — k)S\ be the renormalized scattering matrix defined in a similar way 
as Jk- Then we have 

Proposition 4.3 For k G N , k ^ 0, we have 

HV{T,Hzt >h ) = 0, p>2, 
H°(T,Hzt, A ) = ker(^), 
H\r,Hz!: A ) = coker(^) . 

Since S_\ is elliptic and index(S l / c ) = we have 

dim H°(T, HZ k w ,a) = dim/f^r,^^) < oo . 
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We now consider the case —A G E. By Lemma [O we have dimcoker(res : H 



-«,(A) 



r if ( ^ A (f2)) = d. In fact res( r HZ^ = V is the orthogonal complement of the space 
spanned by the boundary values of the elements of ker L 2(A_ A y) and thus V is closed. We 
choose a complement W C T Hz o x {Q) to V. By Proposition |3.5| the singular part of the 
scattering matrix S_a vanishes on V. We fix an identification i : W a and define 

a regularized scattering matrix by (S^W = S-a an d (S^)\w = res o J_ A o z. Then S 1 ^ 
is still an elliptic pseudodifferential operator of index zero. For any cf) G V by (^) we can 
construct the extension $ 6 r -^T^ (a) thus obtaining a map ext : V — * r -ffZ^ (a) which is 
right inverse to res. It induces a decomposition r HZ^(A) — im(ext) © r Hlt>,A- Then 

res = res| im(e:r i) © z _1 : im(ext) © HT* )A -* V © W 

satisfies o res = res o J_ x . Hence we can identify H l (T, A ) for i = 0,1 with 
the kernel and cokernel of S^x, respectively. We claim that S™£(V) is transverse to 
res o J_x( r HZZ, a)- We employ the meromorphic continuation of the scattering matrix 
to all of C and its functional equation obtained in Section |7]. Using Lemma T72 we find 
res o J„ A ( r iJ~ ( A A ) c ker(5 < A) and 5a o (S^)\v — ~ ^^idy. Also, res o J x o i^ 1 is 
injective. In fact a nontrivial element in the kernel of this composition would correspond 
to a non-trivial L 2 -eigenfunction on Y with both leading exponents vanishing. Since this 
is impossible we have shown the claim. 
We conclude 

Proposition 4.4 

/p(r,tf^ iA ) = o, P >2, 



H\T,H^ A ) = coker(S: ( 



reg\ 
A J 



Moreover, dxmH°(T, H^^) = dim H 1 (V, H ^) = dimker (S^)\v < oo. 

5 The case A = -1/2, -3/2, . . . 

Let t be the parameter of S 1 and d := d/dt. Recall the exact sequences 

_> Fk - # fc / 2 ^ #- fe / 2 ^ F fc ^ , 

G 2No + 1, of G-modules, where F k is the finite-dimensional representation of G of 
dimension k. Define the T-modules M k , N k by 

-> H k _i 2 A $ HZt% ^M k ^0 
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where H* u (£l) denotes the hyperfunctions on fl with the T- module structure given by A. 
The short exact sequence of complexes 





















1 


I 


I 


- 


n k/2 


-> H h/2 


d k i 




d k I 




- 


. TT-k/2 


TT-k/2 






i 


i 


i 














. 



induces the exact sequence 

-> F fc -> iV fc -> M fc 
Since iiL^ a has trivial T-cohomology by Proposition [2.4| , we have 

H*(T,M k ) = H*(T, II 



(6) 



r -fc/2x 



leading to the problem of computing the cohomology of 

We assume that Q ^ and that T is non-trivial. Then T is a free group 



(ai, 



> a g, bi, 



b n , <Jl, 



C"t-l) 



where (7 is the genus of the surface Y and t is the number of boundary components, i.e., 
dim H°(B). The generators cr, correspond to the boundary circles. The missing circle o~ t 
can be expressed in terms of the other generators. Let Ej = Z be the group generated by 

Oi. 



Lemma 5.1 As a representation of T we have 



embedding F k — > N k is given by u : 3 v 1— ► ©* =1 (7 ^7 1 v). 



Moreover, the 



Proof. As a vector space, A7& = ©components of siFk, where we identify F k with the kernel of 
d k , i.e., with the polynomials of order at most k — 1. The T-action is easy to check. □ 
The cohomology of can be computed using the Shapiro Lemma [|IJ: 

H*(T,N k ) = iy*(r,©| =1 Ind^F fe | Si ) = ©* =1 ^*(S 4 ,F fc | Si ) . 

Now CTj is hyperbolic and thus has a unique fixed line in F k . It follows that i7 p (Ej, = 
C for p = 0, 1 and H p (Ei, F k \^.) = for p > 2. We finally obtain 

H*(r,N k ) = #*(b) . 

From the exact sequence (|6|) we see that i7*(T, M&) is finite-dimensional and x(T, M&) = 
x(r, A^fc) = 0. We now split the sequence (|6]) into two short exact sequences 
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where R k is a certain r-module. We obtain two long exact sequences 

o -> #°(r, F fc ) -> #°(s) -> F°(r, i2 fc ) -> 

- h^t, F k ) - h x {b) - ^(r, i2 fc ) - o (7) 

o - #°(r, i? fc ) -> h°(v, M k ) -> #°(r, F fc ) - 

-> # x (r, i2 fc ) -> ^(r, M fc ) -> ^(r, -»• o . (8) 

In the following discussion we will assume that V is non-abelian. Then for k > 2 we have 

#°(r,F fe ) = and dimfl' 1 (r,Ffc) = (2g-2 + t)k , 

while in case k = 1 we have 

dim#°(r,Fi) = 1 and dimiZ^r, Fi) = 2g + t - 1 . 

Let /i 1 := dim if 1 (r, Mk) and g be the dimension of the image of u* : H X {T, Fk) — ► H 1 ^). 
Then we can read off from (0) that dim if 1 (I\ i?^) = t — q. In case k > 2 from ([§]) we 
obtain 

h 1 =t - q+ (2g -2 + t)k . (9) 

In case fc = lwe claim 

h 1 =t-q + 2g + t-l . (10) 

We must show that if°(T,Mi) — > i?°(r,Fi) is surjective. This amounts to construct an 
invariant hyperfunction one-form uj on S 1 with non-trivial integral and support in A. In 
fact, H_lJ 2 can be identified with the hyperfunction one- forms and the map HZ]j 2 — > 
F\ = C is the integral of the one- form over S . Let x be a locally constant function on 
B. Lift it to a locally constant function \ on ^- Let R 1 — > S 1 be the universal cover and 
X be the lift of x to R 1 . Assume that G R 1 projects to a point of A. Consider [0, 1] as a 
fundamental domain of that cover. We define the function Xi(t) '■= x(t) + k for all t G R 1 , 
t — k G (0, 1), projecting to a point of Q. Then d\i is a distribution on R 1 carried by the 
lift of the limit set. It projects down to S 1 to give the desired T-invariant hyperfunction 
(in fact distribution) one- form with integral one. Thus (10) holds for k — 1. 
In order to compute h 1 it remains to compute t — q. 

Lemma 5.2 We have t — q = 1 for k = 1 or g = and t — q = /or k > 2, g ^ 0. 

Proof. Let V be a r-module. Recall the space of group cochains 

C\T,V) = { ( j ) : Tx...xT ^V} 

ix 

and the boundary operators d° : C°(T, V) -> C 1 ^, V), (<%)(#) — gv — v, v E C°(T, V) = 
V and d 1 : C 1 ^) - C 2 (r,n (<9V)G?i, #2) = 0i(0Gfe) - ^f 1 )) - <K^ 2 ). A one- 
cocycle is uniquely determined by its values on the generators. Since F is free, the values 
on the generators can be prescribed arbitrarily. Hence 

Z\T,V) =C 2fJ+t - 1 ®V . 
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Let G Ffc) be given by its values on the generators (j>( a i), 0(£>i), Then 

G Z 1 (r, A^fc) is given by (ucj))(g) = @\ =1 {h \— > /i _1 0(flO)- This cocycle is a boundary iff 
the following equations have a solution ©■ =1 V ; i G A^: 

/TVte) = ^(g-'h)-^), i=l,...,t, Vg,heY (11) 
(l-o-r^ViCe) = 0(^), z = l,...,t. (12) 

Here the first equation ( |TT| ) encodes the boundary map while the second (J2|) ensures that 
©| =1 , 0i G A^. Since (f> was a cocycle there are always functions ipi : Y — > Fk solving (|TID 
and the solutions are determined by ipi(e). Thus u<p is a boundary iff the equations 

(l-ar 1 )v = <P(a i ), i = l,...,t, (13) 

are solvable. Let us first discuss the cases k — 1 or g — 0. i*i is the trivial representation 
and ( |T3| ) is not solvable if 0((Tj) 7^ 0. We claim that for = 1 or g = the value 0(cr t ) 
depends on 0(<7i), 2 = 1, . . . , t — 1. 

The case g = is obvious. Consider g> > 1. Then a^ 1 = [ax, 61] . . . [a 5 , 6 9 ]o"i . . . at_i. 
A group one-cocycle <fi in the trivial representation vanishes on commutators. Thus 
4>([ai, bi] . . . [a g , b g }) = 0. The value of 0(<7i . . . a t -x) only depends on 0(cjj), i — 1, . . . , t— 1. 
Thus 0(cr t ) depends on 0(<7j), z = 1, ... ,t — 1, too. This proves the claim. Since the <7j 
are hyperbolic we have 

dim(coker(l - aT 1 ) : F fc -> F fc ) = 1 . 

By choosing non-zero <f)((Ti), i = 1, . . . ,t — 1, appropriately we can produce a t — 1- 
dimensional subspace in i? 1 (r, A^). Thus the claim implies t — q = 1. 

We now discuss the case k > 2, g 7^ 0. By chosing non-zero 0(<X;), z = 1, . . . ,t — 1, 
as above we can produce at — 1-dimensional subspace in H 1 (Y, N^). In order to find a 
one-dimensional complement, we set 0(<Jj) = for i — 1, . . . , t — 1, 4>{a,^ = 4>(bi) = 0, 
i = 2, . . . ,g, <f)(bi) = and choose 0(ai) appropriately. In fact by the cocycle equation 



= [ax, bx\4>([a 2 , b 2 \ . . . [a g , b g ]ax ■ ■ ■ a t -i) + <KK, &i]) 
= ^([01,61]) 
= (1 — ai6ia ] ^ 1 )0(ai) . 

Since [ai&i% 1 , 0^] ^ we can choose (j)(ax) such that (1 — aifeia|f 1 )0(ai) represents a 
non-trivial element in the cokernel of (1 — a t ). Then the equation fllTf ) has no solution for 
% = t. It follows that q = t. □ 



Proposition 5.3 Let Y be non-abelian. Then we have 

(2g-2 + t)k, k>2,g^0 

-2 + t)k + l, k>2,g- 
2g + t, k = l 



dxmH°(Y,HZt /2 A ) = dim H 1 (Y, HZ^l) = { (2g-2 + t)k + l, k>2,g = 
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If T is abelian, then the limit set consists of two points. H*(T, A ) is represented by 
derivatives of delta distributions located at A. The following result is an easy exercise. 

Corollary 5.4 IfT is non-trivial and abelian, then 

dimH°(T,HZ k J 2 A ) = dim H\T,H- k J 2 A ) = 2 . 

6 The case Re(A) = 0, A ^ 

Let A = ifi 7^ and A ifJL := A — 1/4 — /i 2 . By the theorem of Helgason the Poisson 
transform provides an embedding P ifJj : A c — ► S. In order to characterize the range of 
P itl we introduce the following semi-norms: q w ,k(f) '■= \\ A i^f\\B(w), Pw(f) ■= ||/||b*(W0> 
s w{f) — Pw(D^f), and r Kji (f) := H^^/Hl^x)- The indices run over the domains k > 1, 
% > 0. K runs over the compact subsets of X and W over the sets of the form W = 
M x (0, a) C R+, a > 0, for compact M C Q, using the coordinates (x,y), y > 0, of 
the upper half-plane model. The operator is given in these coordinates by := 
yf y - 0> + V 2 )- The B - and 5*-norms are defined by \\f\\ B (w) ■= Ej>o 2i/2 |l/IU 2 (wn^), 
\\f\\ B *(w) ■= sup i > 2-^|| / || i2(wnn . )) ^ := {(a; )2/ ) e r2_ | - ln(y) G [2''-\2'')}, j > 1, 
and fi := {(^y) ^ R+b > e }- By B(W) and _B*(W) we denote the Banach spaces 
of functions on W with finite B- or I?*-norm. We also introduce the closed subspace 
°B*{W) = {f G B*{W)\ limsup^ -^ll/ll^^x^g-fl)) = 0}. These norms are natural in the 
framework of scattering theory ||, Ch.14. 

Let E A be the Frechet space of all / G S such that for all W and K described above 
qwAf) < oo, VA; > 1, p w (f) < oo, s w (f) < oo, r K4 (f) < oo, Vi > and DJ G °B*(W). 
Set^(^)=^nker(^). 

Lemma 6.1 

Proof. Let Pi^((x,y),b) = ( y2+( y x _ b y2 )' lfJ ' +1 ^ 2 be the kernel defining the Poisson transform. 
Then A^P^b) = 0, P i(i (*b) G B*(W) and D M P iM (.,6) G W = M x (0,a), for 

6 ^ M. Hence 6 — » P i/t (.,6) defines an analytic function from a neighbourhood of A to 
£j\.\w ( w ith the obvious definition) for all W. It follows P i/J (ifl^ A ) C ^(A iAt ). 

We now show that / G S A (Ai^) implies that the boundary value ^(f) vanishes on 
Q fl W and hence p ifl (S A (A)) C A . Here is the boundary value corresponding to 
the asymptotic y~ l L L+l / 2 . 

The argument is similar to the corresponding argument in the proof of Lemma |2.1| . 
We again employ the coordinates of the disk model. Let ip £ H~ lfJ- . Then 

<Am(/U> = Jim - I* U(t)e^ 2 -^dt , 

where 
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and the t-coordinate is the hyperbolic distance from the origin. Let (a, b) C Q. Using 
(| + ifi + 1/2) / = —Dpf + o^- 1 ) and £>,,/ G 5* along Q we obtain 

4 l R I (4 + <A* + V2)/(t, a)e t ^- 1 / 2 )^(e-)^e*di 

K JO J(a,6) C(t 27T 

< (i2- 1/2 ||D Ai /|| ia((0l j l )x(a 1 6)) + 0(^- 3/2 ))||^|U 2 ( (a , fc )) 
-R— >oo q 

By partial integration this implies on the one hand 

lim - e R ^ 2+ ^ [ f(R,aWe ia )— = 

R^oo R 7(a,b) 27T 

and on the other hand 

2z/i lim i l R [ f(t,a)ij(e ia )^e til/2 -^dt 

= - lim V^,) / /(i2, a )Vi(e fa )g. 

Thus 

R lim ^r/ /(t,aWe fa )>^)* = 0. 

_R-»oo /£ Jo J(a,6) 27T 

We see that /3j M (/) defines a continuous functional on the germs of analytic sections of 
y-t/x-i/2 on gi y ^ fj^g ar g Umen t can now be completed as in Lemma |2.1| . □ 
We introduce another Frechet space of functions 

£ A := {/ G C°°(X) | q Wik (f) < oo,VW,k> 0,r K ,i(f) < oo,VK,z > 0} . 
The next lemma is proved in analogy with 0], Lemma 2.4. 
Lemma 6.2 £a are T-acyclic. 
The following Lemma implies that 

— HZ A &a £\ ► (14) 
is a T-acyclic resolution of A . 
Lemma 6.3 A^ : £ A — > £ A is surjective. 

Proof. We consider the adjoint operator t A ifM : £' A — > (££)'. We must show that t A ifM is 
injective and has closed range. Since C^°(X) is dense in £\, we can embed £' A into the 
distributions on X. In fact if / G £ A , then it is a distribution with support in a finite 
union of fundamental domains of T (see the proof of Lemma |2.3| for a similar argument). 
If t Ai ll f = 0, then / is real analytic. Since it vanishes on a non-empty open subset of X, 
it vanishes identically. Thus t A ifJi is injective. 
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We must show that t A{ ll has closed range. As in Lemma |2.3| we can restrict the 
consideration to bounded sets B' C (£ A )'- There is a subset U C X being the union of 
a compact set K C X and W = (0, 6) x M, M compact, M C f2, such that X \ {7 is 
connected and supp(/i) C £/ for all /i G Let t A i ^f i =: /ij G £' such that hi — > /i in 
(££)'. We have supp^) C C/. We must find a / G £ A with t A i ^f = h. 

Let be defined like £ a ,Ea but for the trivial limit set. Then /j G ^ and 

t Ai fl fi — > ft, holds in (fgj 4 )'. Using a result of Perry |2(J (essentially a corollary to Lemma 
|7.l|) we conclude that A ilM : £$ — > E% is a topological isomorphism. Thus fi—>f = l A~^h 
in (£0)'. Since supp(/j) G U we also have supp(/) C Z7 and hence / G £' A . Thus the range 
of t A ifl : £ A — > (£ A )' i s closed. This finishes the proof of surjectivity of A ifl and of the 
lemma. □ 
We now consider the T-invariants in the resolution fll4|) . Using the coordinates (|]) of a 
collar neighbourhood E of infinity Ty : (0, e) x B — > E C Y we can define the spaces 
5(F), B*{E) and°B*(E) as in |gg. Let A^y = Ay-1/4-// 2 , where A Y is the Laplacian 
on Y and = -j- — i\i. Then r £ A = E Y , r £ A = £ Y with 

E Y := {/GC 00 (F)|||^ y /|| B(y) <oo,fc>l, < oo, DJe°B*(E)} 

£y := {/GC 00 (r)|||^ y /|| B(y) < 00,^0} 



It again follows from the results of |20] that Ai^y : Ey — *> £ Y is a topological isomor- 



phism. Thus ker(Aj Mi y) = coker(Aj Mi y) = 0. 
Proposition 6.4 For 7^ A, Re(A) = 0, we have 



7 The scattering matrix near Re(A) = 

In Section ^ we constructed a continuation of the scattering matrix up to the imaginary 
axis. In this section we first show that it is continuous at the imaginary line. Then we 
employ the functional equation in order to provide the meromorphic continuation to all 
of C. Consider the operator A XjY = A Y — 1/4 + A 2 . For Re(A) > it is invertible on 
L 2 (Y). If A approaches the imaginary axis we consider its inverse on the slightly smaller 
space B(Y). 

Lemma 7.1 (Perry, ||20|| , Prop. 5.5) The inverse A XY : B(Y) — > B*(Y) is a weakly 
continuous family of bounded operators uniformly bounded on compact subsets of A G 
C\({0}US), Re (A) >0. 

We now employ the constructions and notations introduced in Section [3| Let G 
C°°{B) = r H^ 2 (Q). We can consider <p x ■= Q X ~ 1/2 4> G r H^(Q). We want to construct a 
hyperfunction extension $a G H x ^. The exact sequence 

— — > H^ (A) ^ H^Sl) — > 
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implies the long exact sequence 



From Proposition |6.4j it follows that $a exists for Re(A) > 0, A ^ S, A ^ 0. As we 
have seen in Section |3] <3>a is holomorphic near the imaginary axis. We show that <3>a is 
continuous up to Re(A) = 0, A ^ 0. We construct the family of approximate eigenf unctions 
fx and note that g\ := A\ t yf\ E B(Y). Lemma |7[T| shows that Fa = fx — A^ygx extends 
continuously to Re(A) = 0, A / 0, as a family of eigenfunctions in C°°(Y) (weakly 
continuous in B*(Y)). Lifting to the universal cover and taking the boundary value we 
see that the family of hyperfunctions $a is continuous up to the imaginary axis, too. We 
define the right limit Sx+o of the scattering matrix for A ^ 0, Re(A) = 0, by 

Sa+o^a := (res o Ja)$a+o • 

Then by definition S(X) = g 1 / 2+x SxQ X ~ 1 ^ 2 is continuous in the strong topology as an 
operator on C°°(B) for Re(A) > and A ^ 0, A g £ and A £ N . 

The Knapp-Stein intertwining operators satisfy the functional equation 

cot(TrA) 

■h J-x = " 



2A 



It follows for Re(A) = 0, A ^ 0, 



Sx+0 ° S-X+0<t>X = lim(reS O J A+e )(reS O J_ A +e < l ) -A+e)cxtended 

= res o,J x o J_ A $ A+0 
cot(7rA) 



We define 5 A for Re(A) < by 



2A 



cot(TrA) j 

»JA : — ; >J \ 

2A ~ A 



A standard application of the Fredholm theory for Frechet spaces || similar as in ||T6 
shows that Sx is meromorphic with at most finite-dimensional singularities at A ^ fNo- 
It remains to show continuity of Sx at Re(A) = 0. In fact we have 

cot(vrA) ! 



•S'a+o ~~ 'S'a-o — $x+o H — S-x+o ~ • 



Thus we have shown 



Lemma 7.2 5(A) is a meromorphic family of elliptic pseudodifferential operators on 
C°°(B). It has at most finite- dimensional poles at the spectral points A G S and m 
i/ie se£ of resonances Re(A) < with H°(T, H x w A ) 7^ 0. There are further singularities 
at A G N . 
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Corollary 7.3 The set of A e C with H*(T,H^ wA ) ^ is discrete. 



We now can find an analytic continuation of $a- For Re(A) < 0, A not a resonance or in 



|Z, define 



Then for Re(A) 



$a := — 2Atan(7rA) J_a ° res 
0, A 7^ 0, we have 

$a-o = 



S 



2Atan(vrA) J_a+o ° res o S X -o(px-o 
2Atan(7rA) J_a ° J\° res~ 1 (p\ 



= res <p\ 

= $A+0 • 

It follows that $a is a meromorphic family of hyperfunctions. We obtain the Eisenstein 
series by applying the Poisson transform: E(<f>, A) = -Pa^a- 

Proposition 7.4 The Eisenstein series has a meromorphic continuation to all of C\{0} 
with poles in E, the set of resonances, and the negative half-integers. The Eisenstein series 
satisfies the functional equation 

E(cf>, A) = V2 T{1 r ^J x) X) E(S x( p, -A) . 

The functional equation follows easily from the corresponding functional equation of the 
Poisson transform ||. The meromorphic continuation of the scattering matrix and the 
Eisenstein series for surfaces was first obtained by Patterson |15|,[117|,117|. Generalizations 



to higher dimensions can be found in [fnj| , [21], |Tj|, [TT|. Since a generalization with more 
technical details can be found in || in the present paper we kept the arguments concerning 
the scattering matrix and the Eisenstein series sketchy. 



8 Summary 

Let T be a torsion-free Fuchsian group of the second kind without parabolic elements. By 
A we denote the hyperfunction vectors of the principal series representation H_ u with 
support in the limit set of V. For A 7^ the cohomology H*(T, A ) is finite-dimensional 
and has vanishing Euler characteristic. In greater detail: 

• For Re(A) > 0, we have 

H°(T, H^ A ) = H\T, H^ A ) = ker L2 (Ay - 1/4 + A 2 ) , 

where Ay is the Laplace-Beltrami operator on the hyperbolic surface Y := T\H 2 . 
Let E be the set of A, Re(A) > 0, with H°(V, #* WjA ) non-trivial. 

• For Re(A) = 0, A 7^ 0, we have 

H*(V,H^ A ) = 0. 
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• The case A = is still unknown. 

• For Re(A) < 0, A G" -|N, -A G" E, we have 

H°(T,H^ A ) = ker(S^) (15) 
H\T,H^ A ) = coker(S_ A ), 

where S\ is the scattering matrix. We have dim H°(T, A ) = dim i? 1 (r, A ). 

• For Re(A) < 0, —A G S, dl5|) holds with S'-a replaced by S™1 defined in Section £|. 

• For Re(A) < 0, —A G N, (|i~5|) holds with replaced by the renormalized £_a. 

• For A = —k/2, k odd, we have for non-abelian T 

( (2g-2 + t)k, k>2,g^0 

dimH°(T,HZ k JJ) = dimH 1 (T,HZ k JJ) = { (2g-2 + t)k + l, k > 2,g = 

[ 2g + t, k = l 

and for abelian T 

dimH°(T } HZ k J 2 A ) = dim H\T,HZ k Jl) = 2 . 
Here g is the genus and t is the number of boundary components of Y. 
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